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SMART PLATES: REDUCED MODELS
AND NUMERICAL SIMULATIONS
JOSE´ A. CARVALHO, ISABEL N. FIGUEIREDO AND REBECA MARTI´NEZ
Abstract: In this paper asymptotic models describing the mechanical and electric
equilibrium state of two types of smart structures are presented and justified. The
first structure consists of an anisotropic elastic thin plate with two surface bonded
anisotropic piezoelectric patches and the second one is an anisotropic elastic sand-
wich thin plate with an inserted anisotropic piezoelectric patch. The two unknowns
of the corresponding asymptotic models, the mechanical displacements of the struc-
tures and the electric potentials of the patches, are partially decoupled. The former
are the solution of modified Kirchhoff-Love plate models, while the latter can be
derived as explicit functions of the mechanical displacements. Moreover, different
formulas for the electric potential arise as a consequence of diverse electric boundary
conditions. We report numerical simulations with these asymptotic models.
Keywords: piezoelectricity, anisotropic material, elasticity, plate.
1. Introduction
Smart structures are advanced structures that consist generally of a host
structure (for instance a plate, a beam or a shell) with integrated surface-
bonded or embedded devices of active or smart materials (cf. [26]). These
devices have the capability to change the structure’s behavior acting as sen-
sors and actuators, with the purpose of obtaining a self-controlled and self-
adaptive structure able to react and adapt to the environment. The sensors
give information about the state of the structure, while the actuators can
generate modifications in its mechanical behavior. The most used smart
materials are piezoelectric materials, which have the property to convert me-
chanical energy into electric energy and vice-versa. Therefore piezoelectric
devices are both actuators and sensors. This makes them useful in a wide
range of practical applications, where their geometries are those of thin plates
(i.e. the thickness is very small when compared to the area of the middle
plane of the plate).
The aim of this paper is to describe and mathematically justify asymptotic
models for static thin plate structures made of elastic plates with integrated
piezoelectric patches or layers. In short, these asymptotic models are reduced
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(i.e. lower-dimensional) models resulting from the application of a mathe-
matical procedure (termed the asymptotic method) that aims to compute
the behavior of the solutions of the three-dimensional equilibrium variational
equations, as the thicknesses (of the structures) approach zero.
We refer to [5, 6, 8] and [7] for an overview of the application of the as-
ymptotic method to elastic plates and junctions in elastic multi-structures,
respectively, and to [9] and [29] for elastic shells and rods, respectively. In the
literature there are also articles reporting reduced models obtained with the
asymptotic method, for plates, shells or rods made exclusively of piezoelectric
materials (cf. [20, 21, 22, 23, 24, 25, 30, 10, 15, 16, 17]). In all these articles
the asymptotic modelling of an assemblage of elastic and piezoelectric con-
stituents is not analyzed. However that in [4] reduced models are proposed
for thin smart shells with piezoelectric patches; but those are derived with-
out applying the asymptotic variational method, but rather using convenient
a priori mechanical and electric assumptions. There are also articles con-
cerning the mathematical analysis (see [13, 27, 28]), numerical analysis and
numerical simulations (see [18, 14, 1, 2, 3]) for two and three-dimensional
models involving exclusively piezoelectric materials, and not a mixture of
different elastic and piezoelectric materials.
In this paper two types of smart structures are considered : one (termed
PSBP) concerns an elastic thin plate with two surface bonded piezoelectric
patches and the other one (termed PIP) an elastic sandwich thin plate with
an inserted piezoelectric patch. In the corresponding asymptotic models, it is
found that the solution is the pair composed by the mechanical displacement
of the structure, which is a Kirchhoff-Love displacement, and the electric
potential of the patches, which is a function of the mechanical displacement.
These asymptotic models are two-dimensional models, defined on the middle
plane of the structures. In addition, in the three-dimensional models, it is
assumed that each piezoelectric patch verifies a mixed Dirichlet-Neumann
electric boundary condition and it is supposed that there are three possible
parts of the patch’s boundary where the Dirichlet conditon can act (a part of
the patch’s lateral boundary together with both the upper and lower faces of
the patch, or together with just the upper or the lower surface of the patch).
Actually these three possibilities give rise to three distinct formulas for the
patch’s electric potential.
It is significant to say that the asymptotic models of this paper are in good
agreement with those proposed in [4] for thin smart shells with piezoelectric
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patches (a plate is also a shell with a plane middle surface). More specifi-
cally, as in [4], we also found out that the asymptotic electric potentials are
quadratic polynomials with respect to the thickness variable.
We emphasize that all the materials (both elastic and piezoelectric) un-
der consideration are mechanically and electrically anisotropic, but not com-
pletely non homogeneous, since it is assumed that all the material coefficients
are independent of the thickness variable. But an important point is that
this assumption is by no means restrictive, it is only used for the sake of sim-
plicity of the formulas involved in the definition of the asymptotic models (cf.
(1)–(3)). In addition, it is significant to mention that this simplification does
not lead to easier asymptotic models. Actually it is found that the tangential
and transverse components of the mechanical displacement are coupled, un-
less the different constituent materials are equal and symmetrically disposed
with respect to the middle plane of the global structure (cf. corollaries 3.1
and 3.2 for PSBP and corollaries 4.1 and 4.2 for PIP).
Furthermore, it is worthwhile to remark that the asymptotic models pre-
sented here easily generalize to the case of structures that have a finite num-
ber of surface bonded or inserted piezoelectric patches. Moreover different
asymptotic models can be obtained depending on the possible combinations
of the electric boundary conditions (among the three types mentioned above)
for the different patches integrated in the structure. From the physical point
of view, this means that some of the patches may act like actuators, while
the remaining other ones may behave like sensors. In this way the structure
becomes a smart or an active one.
The mathematical justification of the two asymptotic models (for PSBP
and PIP) presented in this paper, strongly relies on the arguments reported
on the papers [12, 15, 17, 25], for the piezoelectric patches (which have the
geometry of plates) and [8] for the elastic plates. In reality the mathemat-
ical reasoning, that leads to the asymptotic models for PSBP and PIP, is
a judicious combination of the proofs presented in these above mentioned
works. In short, it is enough to take into account the specific geometry of the
global structure, to assume the integrated piezoelectric patches are perfectly
surface-bonded or embedded (so that in the three-dimensional equilibrium
equations, the mechanical displacements and the stresses are continuous at
the interfaces of the materials (cf. (11) and (28)) and to combine carefully
the three different possible choices of electric boundary conditions for the
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piezoelectric patches. Consequently, the proofs for the asymptotic models
for PSBP and PIP are only briefly sketched and not detailed in this paper.
After this introduction the remainder of the paper consists of four sec-
tions. Section 2 describes the notation as well as a short summary of the
asymptotic method. In sections 3 and 4 the asymptotic models are defined.
The organization of these sections 3 and 4 is very similar. Firstly the three-
dimensional mechanical and electric equilibrium equations are defined. On
the whole these consist of several groups of equilibrium equations modelling
each part of the structure (either elastic or piezoelectric) together with the
boundary conditions and the transmission conditions at the interfaces of the
different constituents. Next, the asymptotic models are stated in theorems
3.1, 3.2 and 3.3 for the PSBP structure and theorems 4.1, 4.2 and 4.3 for
the PIP structure. Corollaries of these theorems, which arise for particular
symmetric geometries, materials and data of the patches, are also stated and
demonstrated. Finally in section 5 we present the numerical tests.
2. Notations and asymptotic method
2.1. Geometry. Let (O, x1, x2, x3) be a cartesian three-dimensional refer-
ence system and ω ⊂ R2 be a bounded domain with a Lipschitz continuous
boundary, and ωmat a subset of ω. For each 0 < h ≤ 1 we consider the set
Ω = ω × (−h, h). An arbitrary point of Ω is denoted by x = (x1, x2, x3),
where the first two components (x1, x2) = (x1, x2) ∈ ω are independent of h
and x3 ∈ (−h, h).
In the sequel, in sections 3 and 4, we consider that the plate Ω is made
of one or two elastic materials with integrated piezoelectric patches. This
means that Ω = ω× (−h, h) = ∪matΩ
mat where the abbreviation mat stands
for material and each subset Ωmat = ωmat×(zmat− t
mat
2 , z
mat+ t
mat
2 ) represents
either the elastic plate or the piezoelectric patches, which are also plates.
The positive scalar tmat represents the thickness of the plate Ωmat. The
absolute value |zmat| is the distance, measured along the thickness axis, from
the middle plane of Ωmat to the x1x2-plane of the global reference system
(O, x1, x2, x3).
Moreover let ∂Ω be the boundary of Ω and γ0 ⊂ ∂ω a subset of the bound-
ary ∂ω of ω, such that, meas(γ0) 6= 0 and γ1 = ∂ω \ γ0. In addition, we
define γmate ⊂ ∂ω
mat which is a subset of the boundary ∂ωmat of ωmat and
γmats = ∂ω
mat \ γmate . We denote by ν = (ν1, ν2, ν3) the outward unit normal
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vector to the boundary ∂Ω, where ν = (ν1, ν2) = (να) is the unit outer normal
vector along ∂ω.
Given a function θ(x) defined in Ω we denote by ∂iθ its partial derivative
with respect to xi, that is, ∂iθ =
∂θ
∂xi
and by ∂αβθ =
∂2θ
∂xα∂xβ
is the second
partial derivative of θ with respect to xα and xβ.
2.2. Materials. Throughout the paper, the latin indices i, j, k, l... belong
to the set {1, 2, 3}, the greek indices α, β, µ... vary in the set {1, 2} and the
summation convention with respect to repeated indices is employed, that is,
aibi =
∑3
i=1 aibi. Moreover we denote by a · b = aibi the inner product of
the vectors a = (ai) and b = (bi), by Ce = (Cijklekl) the contraction of a
fourth order tensor C = (Cijkl) with a second order tensor e = (ekl) and by
Ce : d = Cijklekldij the inner product of the tensors Ce and d = (dij).
We also denote by Cmat = (Cmatijkl ), P
mat = (Pmatijkl ) and ε
mat = (εmatij ) the
fourth, third and second order tensors, respectively, representing the elastic,
piezoelectric and dielectric coefficients of a plate made of a material denoted
by mat and occupying the three-dimensional plate Ωmat. For an elastic mate-
rial mat only the tensor Cmat is defined but if mat is a piezoelectric material
the three tensors Cmat, Pmat and εmat are required.
We introduce now the modified coefficients Amatαβγρ, p
mat
3αβ and p
mat
33 depending
only on Cmatijkl , P
mat
ijk and ε
mat
ij and that are defined by (cf. formula (8) in [12])
Amatαβγρ = C
mat
αβγρ −
Cmatαβ33C
mat
33γρ
Cmat3333
+
(
Cmatαβ33
Cmatν333
Cmat3333
− Cmatαβν3
)
bmatδν a
mat
δγρ ,
pmat3αβ = P
mat
3αβ −
Cmatαβ33
Cmat3333
Pmat333 +
(
Cmatαβ33
Cmat33ν3
Cmat3333
− Cmatαβν3
)
bmatδν c
mat
δ ,
pmat33 = ε
mat
33 +
Pmat333 P
mat
333
Cmat3333
−
(
Pmat333
Cmat33ν3
Cmat3333
− Pmat3ν3
)
bmatδν cδ,
where
amatδγρ = C
mat
33γρC
mat
δ333 − C
mat
δ3γρC
mat
3333, c
mat
δ = C
mat
δ333P
mat
333 − C
mat
3333P
mat
3δ3 ,
[bmatδν ] = [C
mat
δ333C
mat
33ν3 − C
mat
δ3ν3C
mat
3333]
−1 (identity between two matrices).
We always assume that the material mat, either elastic or piezoelectric,
is such that the corresponding material coefficients are independent of the
thickness variable x3 (actually, commonly used piezoelectric materials are
6 JOSE´ CARVALHO, ISABEL N. FIGUEIREDO AND REBECA MARTI´NEZ
transverse isotropic like PZT (lead-zirconate titanate), or orthorhombic like
PVDF (polyvinylidene fluoride)).
In the following sections we use several matrices which are associated to
these modified coefficients. For each material mat, these matrices have their
components multiplied by the characteristic function χωmat (if x ∈ ω
mat then
χωmat(x) = 1, and if x /∈ ω
mat then χωmat(x) = 0). The matrices are denoted
by Amati for i = 0, 1, 2, p
mat
j for j = 1, 2 and pp
mat
k for k = 0, 1, 2. The
components of Amati are defined by
(Amat0 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
Amatαβγρ dx3 = χωmatA
mat
αβγρ t
mat
(Amat1 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
x3A
mat
αβγρ dx3 = χωmatA
mat
αβγρ t
mat zmat
(Amat2 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
x23A
mat
αβγρ dx3 = χωmatA
mat
αβγρ
1
12
(
(tmat)3 + 12 tmat (zmat)2
)
.
(1)
The components of pmatj for j = 1, 2 are given by
(pmat1 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
pmat
3αβ
pmat
3γρ
pmat
33
(x3 − z
mat) dx3 = 0
(pmat2 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
pmat
3αβ
pmat
3γρ
pmat
33
(x3 − z
mat)x3 dx3 = χωmat
pmat
3αβ
pmat
3γρ
pmat
33
(tmat)3
12
,
(2)
Finally the components of ppmatk for k = 0, 1, 2 are defined
(ppmat0 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
pmat
3αβ
pmat
3γρ
pmat
33
dx3 = χωmat
pmat
3αβ
pmat
3γρ
pmat
33
tmat
(ppmat1 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
pmat
3αβ
pmat
3γρ
pmat
33
x3 dx3 = χωmat
pmat
3αβ
pmat
3γρ
pmat
33
tmat zmat
(ppmat2 )αβγρ = χωmat
∫ zmat+ tmat
2
zmat− t
mat
2
pmat
3αβ
pmat
3γρ
pmat
33
x23dx3 = χωmat
pmat
3αβ
pmat
3γρ
pmat
33
1
12
(
(tmat)3 + 12 tmat (zmat)2
)
.
(3)
2.3. Functional spaces. Now let Ξ represent any open subset of Rn, with
n = 2, 3. We use the Sobolev spaces Hm(Ξ) (also denoted by Wm,2(Ξ)),
defined by
H1(Ξ) =
{
v ∈ L2(Ξ) : ∂iv ∈ L
2(Ξ), for i = 1, . . . , n
}
,
H2(Ξ) =
{
v ∈ L2(Ξ) : ∂iv, ∂ijv ∈ L
2(Ξ), for i, j = 1, . . . , n
}
,
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where L2(Ξ) = {v : Ξ → R,
∫
Ξ |v|
2dΞ < +∞} and the partial derivatives
are interpreted as distributional derivatives.
We use as well the space VKL, associated to the admissible mechanical
displacements, and the spaces Ψmatl and Ψ
mat
l0 , associated to the electric po-
tentials, defined by
VKL = {v ∈ [H
1(Ω)]3 : v|ΓD = 0, ei3(v) = 0},
Ψmatl = {ψ
mat ∈ L2(Ωmat) : ∂3ψ
mat ∈ L2(Ωmat)},
Ψmatl0 = {ψ
mat ∈ L2(Ωmat) : ∂3ψ
mat ∈ L2(Ωmat), ψmat|ΓmateD
= 0},
(4)
where ei3(v) =
1
2(∂iv3 + ∂3vi) and ΓD, Γ
mat
eD are subsets of the boundary ∂Ω
of Ω (cf. (6), (7) for PSBP and (23), (24) for PIP). The space VKL, which is
the so-called Kirchhoff-Love mechanical displacement space, is equivalently
defined by (cf. [8], p. 47)
VKL =
{
v = (v1, v2, v3) ∈ [H
1(Ω)]3 : ∃η = (η1, η2, η3) ∈ [H
1(ω)]2 ×H2(ω),
vα(x) = ηα(x1, x2)− x3 ∂αη3(x1, x2), v3(x) = η3(x1, x2),
η1|γ0 = η2|γ0 = η3|γ0 = 0, ∂νη3|γ0 = 0
}
.
2.4. Asymptotic method. The asymptotic method can be briefly de-
scribed as follows. Starting with the three-dimensional equilibrium vari-
ational equations for a plate with global thickness h, these equations are
scaled to a domain that is independent of h. Assuming appropriate scalings
for the data and unknowns, one then lets h→ 0 and studies the convergence
of the unknowns in appropriate functional spaces. This leads to the defini-
tion of the limit model and rescaling it to the original domain then results
the asymptotic model (also termed reduced or lower-dimensional model).
3. Plate with surface bonded patches – PSBP
Here we define the reduced model for a PSBP structure. It is obtained
by applying the asymptotic method to the three-dimensional equilibrium
variational equations of a PSBP structure, and its definition is stated in
theorem 3.1. Particular formulations of this reduced model are described
in theorems 3.2 and 3.3, for different electric boundary conditions on the
piezoelectric patches.
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3.1. The three-dimensional model – PSBP. We consider a thin elastic
plate with two piezoelectric patches bonded on its lower and upper surfaces,
respectively. In the following the geometrical and material properties of the
two patches and the elastic plate are indexed by the upper subscripts − or +
for the lower or upper patch respectively, andm for the elastic plate (meaning
in the middle or between the two patches).
The geometry of this structure is then defined by the three-dimensional set
Ω = ∪matΩ
mat = Ω− ∪ Ωm ∪ Ω+, which has global thickness 2h (where h > 0
is a small parameter) and such that
Ω− = ω− × (z− − t
−
2 , z
− + t
−
2 ),
Ωm = ω × (zm − t
m
2 , z
m + t
m
2 ),
Ω+ = ω+ × (z+ − t
+
2 , z
+ + t
+
2 ).
(5)
The two sets Ω− and Ω+ define the geometry of the two patches and Ωm the
geometry of the elastic plate. The positive scalars t−, tm and t+ represent the
thicknesses of layers Ω−, Ωm and Ω+, respectively, and verify t−+tm+t+ = 2h.
The absolute values |z−|, |zm| and |z+| are the distances, measured along the
thickness axis, from the middle plane of Ω to the middle plane of layers Ω−,
Ωm and Ω+, respectively.
Figure 1. Vertical cross section along the thickness for a rect-
angular plate with two piezoelectric patches
We remark that ω− and ω+ are subsets of ω. Moreover, we define the bound-
ary sets
ΓmD = γ0 × (z
m − t
m
2 , z
m + t
m
2 ), Γ
m
N = Γ \ Γ
m
D,
Γmatup/lo = Γ
mat
lo ∪ Γ
mat
up , Γ
mat
lo = ω
mat × {zmat − t
mat
2 },
Γmatup = ω
mat × {zmat + t
mat
2 },
Γmats = γ
mat
s × (z
mat − t
mat
2 , z
mat + t
mat
2 ),
Γmate = γ
mat
e × (z
mat − t
mat
2 , z
mat + t
mat
2 ),
(6)
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for mat = +,−. In addition, we also introduce three different disjoint parti-
tions {ΓmateD ,Γ
mat
eN } of the boundary of Ω
mat, for mat = +,−, defined by
(ebc1mat) : ΓmateN = Γ
mat
s , and Γ
mat
eD = Γ
mat
up/lo ∪ Γ
mat
e ,
(ebc2mat) : ΓmateN = Γ
mat
s ∪ Γ
mat
up and Γ
mat
eD = Γ
mat
lo ∪ Γ
mat
e ,
(ebc3mat) : ΓmateN = Γ
mat
s ∪ Γ
mat
lo and Γ
mat
eD = Γ
mat
up ∪ Γ
mat
e .
(7)
The three-dimensional model, representing the mechanical and electric
equilibrium state of the PSBP structure with geometry Ω, aims to find the
mechanical displacement u defined in Ω = Ω− ∪ Ωm ∪ Ω+ and the electric
potentials ϕ− and ϕ+, defined in Ω− and Ω+, respectively, satisfying the
following system of equations and boundary conditions:[
−divσ = f in Ω− ∪ Ωm ∪ Ω+
divD = r in Ω− ∪ Ω+,
(8)
u = 0 on ΓmD and σ · ν = g on Γ
m
N , (9)
[
D · ν = θ on Γ−eN
ϕ− = ϕ−0 on Γ
−
eD
and
[
D · ν = θ on Γ+eN
ϕ+ = ϕ+0 on Γ
+
eD,
(10)
[
um = u− and (σm − σ−) · ν = 0 on Ω− ∩ Ωm = ω− × {zm − t
m
2
}
um = u+ and (σm − σ+) · ν = 0 on Ω+ ∩ Ωm = ω+ × {zm + t
m
2
},
(11)


in Ωm : σ = Cm · e(u)
in Ω− :
[
σ = C− · e(u)− P− · E(ϕ−)
D = P− · e(u) + ε− · E(ϕ−)
in Ω+ :
[
σ = C+ · e(u)− P+ · E(ϕ+)
D = P+ · e(u) + ε+ · E(ϕ+).
(12)
The equations (8) are the mechanical equilibrium equations and Maxwell-
Gauss equations: σ is the stress tensor field, D is the electric displacement
vector field, f and r are the densities of applied body forces and volume
electric charge, respectively, acting on the plate Ω. The mechanical boundary
conditions are defined in (9), meaning that the plate is clamped on ΓmD and
submitted to the density of applied surface forces g on ΓmN . The electrical
boundary conditions are defined in (10) and mean that the plate is submitted
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to applied electric potentials, ϕ−0 and ϕ
+
0 on Γ
−
eD and Γ
+
eD respectively, and
to a surface electric charge of density θ on Γ−eN and Γ
+
eN . The equations (11)
represent the transmission conditions at the interfaces and finally (12) are
the constitutive equations that evidence the converse (actuator) and direct
(sensor) effects of the patches. In (12) the tensors Cm, C− and C+ represent
the elasticity coefficients of the elastic, lower and upper piezoelectric patches,
and finally P−, P+ and ε−, ε+ are the piezoelectric and dielectric tensors of
the lower and upper piezoelectric patches. Moreover the notation σm, σ+
and σ− in (11) is self-evident and stands for the restriction of σ to Ωm, Ω+
and Ω− respectively.
3.2. The asymptotic model – PSBP.
Theorem 3.1. Let us assume any type of electric boundary conditions (ebcimat)
with i = 1, 2, 3 and mat = +,−. Then, the (variational) asymptotic model
corresponding to problem (8)-(12) is

Find (u, ϕ+, ϕ−) ∈ VKL ×Ψ
+
l ×Ψ
−
l such that:
a
(
(u, ϕ+, ϕ−), (v, ψ+, ψ−)
)
= l(v, ψ+, ψ−), ∀(v, ψ+, ψ−) ∈ VKL ×Ψ
+
l0 ×Ψ
−
l0,
ϕmat = ϕmat0 , on Γ
mat
eD , for mat = +,−,
(13)
where
a
(
(u, ϕ+, ϕ−), (v, ψ+, ψ−)
)
= am(u, v) + a+
(
(u, ϕ+), (v, ψ+)
)
+ a−
(
(u, ϕ−), (v, ψ−)
)
,
am(u, v) =
∫
Ωm
Amαβγρeαβ(u) eγρ(v) dx,
amat
(
(u, ϕmat), (v, ψ)
)
=
∫
Ωmat
Amatαβγρeαβ(u) eγρ(v) dx+
∫
Ωmat
pmat33 ∂3ϕ
mat ∂3ψ
mat dx
−
∫
Ωmat
pmat3αβ
[
eαβ(u) ∂3ψ
mat − eαβ(v) ∂3ϕ
mat
]
dx,
for mat = +,−, and
l(v, ψ+, ψ−) =
∫
Ω
f · v dx+
∫
ΓmN
g · v dΓN +
∫
Ω±
r ψ± dx−
∫
Γ±eN
θ ψ± dΓ±eN .
In particular, u is the asymptotic mechanical displacement in Ω, ϕ+ and ϕ−
are the asymptotic electric potentials in Ω+ and Ω−; the triple (u, ϕ+, ϕ−) is
the unique solution of the variational equation (13).
Proof : The proof is a straightforward extension of theorem 3.3 in [15], or
equivalently and extension of problem (7) in [12] for a plate Ω made of one
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elastic plate Ωm and two piezoelectric patches Ω− and Ω+. We remark that
the scalings used for the unknowns and data are those adopted in [15].
Theorem 3.2. Let us assume the electric boundary conditions (ebc1mat) for
both materials mat = +,−. Then, the asymptotic mechanical displacement u
in (13) is the unique solution of the following variational problem, formulated
in Ω
find u ∈ VKL such that: a(u, v) = l(v), ∀v ∈ VKL, (14)
where uα = ξα − x3∂αξ3, for α = 1, 2, u3 = ξ3,
a(u, v) =
∫
Ωm
Amαβγρeαβ(u)eγρ(v) dΩ
m +
∫
Ω−
A−αβγρeαβ(u) eγρ(v) dΩ
−
+
∫
Ω+
A+αβγρeαβ(u) eγρ(v) dΩ
+ −
∫
Ω−
p−
3αβ
p−
3γρ
p−
33
(x3 − z
−) eαβ(v) ∂γρξ3 dΩ
−
−
∫
Ω+
p+
3αβ
p+
3γρ
p+
33
(x3 − z
+) eαβ(v) ∂γρξ3 dΩ
+,
(15)
and
l(v) =
∫
Ω
f · v dΩ +
∫
ΓN
g · v dΓN +
∫
Ω−
(
P3r
p−
33
+
(ϕ−
0lo
−ϕ−
0up−R
−)
t−
)
p−3αβ eαβ(v) dΩ
−
+
∫
Ω+
(
P3r
p+
33
+
(ϕ+
0lo
−ϕ+
0up−R
+)
t+
)
p+3αβ eαβ(v) dΩ
+.
(16)
Here ϕmat0up and ϕ
mat
0lo , with mat = +,−, are the restrictions of ϕ
mat
0 to,
respectively, the upper and lower faces Γmatup and Γ
mat
lo of Ω
mat, and Rmat :=∫ z−+ tmat
2
zmat− t
mat
2
P3r
pmat33
dx3, with P3r =
∫
r dy3 the antiderivative of r with respect to the
thickness variable x3. In addition in (13), the asymptotic electrical potentials
ϕmat (for mat = +,−) are defined by
ϕmat(x1, x2, x3) = ϕ
mat
0lo (x1, x2)+∫ x3
zmat− t
mat
2
(
−
pmat
3αβ
pmat
33
(y3 − z
mat) ∂αβξ3 +
(ϕmat
0up −ϕ
mat
0lo
+Rmat)
tmat
− P3r
pmat
33
)
dy3.
(17)
Moreover, the bilinear form a(u, v) in (15) can be rewritten as
a(u, v) =
∫
ω
[
Nαβ(u) eαβ(η) +Mαβ(u) ∂αβη3
]
dω. (18)
Here (Nαβ(u)) and (Mαβ(u)) are the components of second-order tensor fields,
associated to the Kirchhoff-Love displacement u, and given by the following
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matrix formula[
Nαβ(u)
Mαβ(u)
]
=
[
(Am0 + A
+
0 + A
−
0 )αβγρ −(A
m
1 + A
+
1 + A
−
1 )αβγρ
−(Am1 + A
+
1 + A
−
1 )αβγρ (A
m
2 + A
+
2 + A
−
2 + p
+
2 + p
−
2 )αβγρ
][
eγρ(ξ)
∂γρξ3
]
.
(19)
The matrices Amati , p
mat
j (for i = 0, 1, 2, j = 1, 2, mat = −,m,+) are defined
in (1)-(2), and ξ = (ξ1, ξ2, ξ3).
Proof : The proof is a straightforward extension of theorem 2.1 in [12], which
itself is a generalization of of theorem 3.4 in [15] and consequently of theorem
3.1 in [25]. In fact, choosing in (13) (ψ+, ψ−) = (0, 0) and using (ebc1mat) for
mat = +,− we obtain the formula (17). Afterwards inserting these formulas
in (13) we immediately get (15) and (16). To obtain the new formula (18) for
the bilinear form it is enough to remark that in (15) eαβ(u) = eαβ(ξ)−x3∂αβξ3
and eαβ(v) = eαβ(η)− x3∂αβη3.
Corollary 3.1. In addition to the conditions of theorem 3.2 we suppose both
patches are made of the same piezoelectric material, have the same geometry,
and are placed in symmetrical positions. Moreover, there are not any applied
body and surface forces, and applied volume electric charge (f = 0, g = 0, r =
0). We also assume that the applied electric potential differences, ϕmat0lo −ϕ
mat
0up ,
for mat = +,−, are equal or symmetrical. i) If ϕ+0lo−ϕ
+
0up = −
(
ϕ−0lo−ϕ
−
0up
)
,
then the system (14) is equivalent to∫
ω
eαβ(η) (A
m
0 + A
+
0 + A
−
0 )αβγρ eγρ(ξ) dω = 0∫
ω
∂αβη3 (A
m
2 + A
+
2 + A
−
2 + p
+
2 + p
−
2 )αβγρ ∂γρξ3 dω =
∫
ω+
2
(
ϕ+0lo − ϕ
+
0up
)
p+3αβz
+ ∂αβη3 dω
+
which means the tangential mechanical displacements ξ1 = ξ2 = 0. ii) If
ϕ+0lo − ϕ
+
0up = ϕ
−
0lo − ϕ
−
0up, then (14) is equivalent to{ ∫
ω eαβ(η) (A
0
m)αβγρ eγρ(ξ) dω =
∫
ω+ 2
(
ϕ+0lo − ϕ
+
0up
)
p+3αβ eαβ(η) dω
+∫
ω ∂αβη3 (A
m
2 + A
+
2 + A
−
2 + p
+
2 + p
−
2 )αβγρ ∂γρξ3 dω = 0,
and in this case the transverse mechanical displacement ξ3 = 0.
Proof : With the material and geometric hypotheses imposed to the patches
we have that ω+ = ω−, zm = 0, z− = −z+ and t− = t+. Therefore, the
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matrix in the right hand side of (19) becomes[
(Am0 + A
+
0 + A
−
0 )αβγρ 0
0 (Am2 + A
+
2 + A
−
2 + p
+
2 + p
−
2 )αβγρ
]
and the linear form in (16) is now equal to
l(v) =
{ ∫
ω+
2
(
ϕ+0lo − ϕ
+
0up
)
p+3αβ z
+ ∂αβη3 dω
+, when ϕ+0lo − ϕ
+
0up = −
(
ϕ−0lo − ϕ
−
0up
)
∫
ω+
2
(
ϕ+0lo − ϕ
+
0up
)
p+3αβ eαβ(η) dω
+, when ϕ+0lo − ϕ
+
0up = ϕ
−
0lo − ϕ
−
0up
This gives the result.
Theorem 3.3. Let us assume the electric boundary conditions (ebc2mat) or
(ebc3mat) for both materials mat = +,−. Then, the asymptotic mechanical
displacement u in (13) is the unique solution of the following variational
problem, formulated in Ω
find u ∈ VKL such that: a(u, v) = l(v), ∀v ∈ VKL, (20)
where uα = ξα − x3∂αξ3, for α = 1, 2, u3 = ξ3
a(u, v) =
∫
Ωm
Amαβγρeαβ(u)eγρ(v) dΩ
m +
∫
Ω−
A−αβγρeαβ(u) eγρ(v) dΩ
−
+
∫
Ω+
A+αβγρeαβ(u) eγρ(v) dΩ
+ +
∫
Ω−
p−
3αβ
p−
3γρ
p−
33
eαβ(u) eαβ(v) dΩ
−
+
∫
Ω+
p+
3αβ
p+
3γρ
p+
33
eαβ(u) eαβ(v) dΩ
+,
(21)
and
l(v) =
∫
Ω
f · v dΩ +
∫
ΓN
g · v dΓN + l
ebci+(v) + lebci
−
(v),
where for mat = +,−
lebci
mat
(v) =
∫
Ωmat
pmat
3αβ
pmat33
[
P3r(x1, x2, x3) + (s θ − P3r)(x1, x2, h
∗)
]
eαβ(v).
Here s = 1 and h∗ = zmat+ t
mat
2 for (ebc2
mat), s = −1 and h∗ = zmat− t
mat
2 for
(ebc3mat). The asymptotic electrical potential ϕmat in Ωmat, for mat = +,−,
is defined by
ϕmat(x1, x2, x3) = ϕ
mat
0lo (x1, x2) +
∫ x3
zmat− t
mat
2
pmat
3αβ
pmat33
[
eαβ(ξ)− y3 ∂αβξ3
]
dy3
−
∫ x3
zmat− t
mat
2
P3r(x1,x2,y3)+(θ−P3r)(x1,x2,z
mat+ t
mat
2
)
pmat33
dy3,
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for (ebc2mat) and by
ϕmat(x1, x2, x3) = ϕ
mat
0up (x1, x2)−
∫ zmat+ tmat
2
x3
pmat
3αβ
pmat33
[
eαβ(ξ)− y3 ∂αβξ3
]
dy3
+
∫ zmat+ tmat
2
x3
P3r(x1,x2,y3)+(−θ−P3r)(x1,x2,z
mat− t
mat
2
)
pmat33
dy3,
for (ebc3mat). Moreover, the bilinear form a(u, v) in (21) can be rewritten as
a(u, v) =
∫
ω
[
Nαβ(u) eαβ(η) +Mαβ(u) ∂αβη3
]
dω,
where (Nαβ(u)) and (Mαβ(u)) are the components of second-order tensor
fields associated to the Kirchhoff-Love displacement u given by the follow-
ing matrix formula[
Nαβ(u)
Mαβ(u)
]
=
[
(Am0 + A
+
0 + A
−
0 + pp
+
0 + pp
−
0 )αβγρ −(A
m
1 + A
+
1 + A
−
1 + pp
+
1 + pp
−
1 )αβγρ
−(Am1 + A
+
1 + A
−
1 + pp
+
1 + pp
−
1 )αβγρ (A
m
2 + A
+
2 + A
−
2 + pp
+
2 + pp
−
2 )αβγρ
][
eγρ(ξ)
∂γρξ3
]
.
The matrices Amati and p
mat
j , with i = 0, 1, 2, j = 1, 2 and for mat = −,m,+,
are defined in (1)-(2), and ξ = (ξ1, ξ2, ξ3).
Proof : The proof is a combination of the results found in section 3.4 of [17]
for the electric potentials together with the new geometry of the plate Ω =
Ω+ ∪ Ωm ∪ Ω−.
Corollary 3.2. In addition to the conditions of theorem 3.3 we suppose both
patches verify (ebc2mat), are made of the same piezoelectric material, have
the same geometry, are placed in symmetrical positions. Moreover, there are
not any applied body and surface forces, and applied volume electric charge
(f = 0, g = 0, r = 0). We assume that the applied surface electric charges
θ+ and θ− acting on Γ+eN and Γ
−
eN , respectively, are equal or symmetrical. i)
If θ+ = −θ− = θ, then the system (20) is equivalent to


∫
ω
eαβ(η) (A
0
m + A
+
0 + A
−
0 + pp
+
0 + pp
−
0 )αβγρ eγρ(ξ) dω = 0∫
ω
∂αβη3 (A
m
2 + A
+
2 + A
−
2 + pp
+
2 + pp
−
2 )αβγρ ∂γρξ3 dω = −s
∫
ω+
2
p+
3αβ
p+
33
(θ t+z+) ∂αβη3 dω
+,
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which means the tangential mechanical displacements ξ1 = ξ2 = 0. ii) If
θ+ = θ− = θ, then (20) is equivalent to

∫
ω
eαβ(η) (A
0
m + A
+
0 + A
−
0 + pp
+
0 + pp
−
0 )αβγρ eγρ(ξ) dω = s
∫
ω+
2 t+
p+
3αβ
p+
33
θ eαβ(η) dω
+∫
ω
∂αβη3 (A
m
2 + A
+
2 + A
−
2 + pp
+
2 + pp
−
2 )αβγρ ∂γρξ3 dω = 0,
and in this case the transverse mechanical displacement ξ3 = 0.
Proof : Analogous to that of corollary 3.1. A similar result applies if both
patches verify electric boundary conditions (ebc3mat).
4. Plate with an inserted patch – PIP
The procedure is the same as indicated at the beginning of section 3, but
now for the PIP structure. The asymptotic models are stated in theorems
4.1, 4.2 and 4.3.
4.1.The three-dimensional model – PIP. We consider a three-dimensional
thin plate Ω = ∪matΩ
mat with thickness 2h, made of two external elastic lay-
ers (Ω− on the bottom and Ω+ on the top of the structure) and an internal
layer which includes and elastic part Ωe and an inserted piezoelectric patch
Ωp. This means that the subscript mat ranges now the set {−, e, p,+},
Ω = Ω− ∪ Ωm ∪ Ω+ with Ωm = ωm × (zm − t
m
2 , z
m + t
m
2 ) = Ω
p ∪ Ωe and
Ω− = ω− × (z− − t
−
2
, z− + t
−
2
),
Ωp = ωp × (zp − t
p
2
, zp + t
p
2
),
Ωe = ωe × (ze − t
e
2
, ze + t
e
2
), ωe = ωm \ ωp
Ω+ = ω+ × (z+ − t
+
2
, z+ + t
+
2
).
(22)
The positive scalars t−, te, tp and t+, with te = tp = tm, represent the
thicknesses of layers Ω−, Ωe, Ωp and Ω+, respectively, and verify t−+tm+t+ =
2h. The absolute values |z−|, |ze|, |zp| and |z+|, with ze = zp = zm, are the
Figure 2. Vertical cross section along the thickness for a sand-
wich elastic rectangular plate with an inserted piezoelectric patch
distances, measured along the thickness axis, from the middle plane of Ω to
the middle plane of layers Ω−, Ωm and Ω+, respectively. The geometrical and
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material properties of the three elastic parts and the piezoelectric patch are
indexed by the upper subscripts − or + for the lower or upper layers, and
by e or p for the internal elastic layer and inserted piezoelectric patch.
We define the following boundary sets of Ωp and also two disjoint parts,
ΓD, ΓN , of the boundary of Ω by
Γpup/lo = Γ
p
lo ∪ Γ
p
up, Γ
p
lo = ω
p × {zp − t
p
2
}, Γpup = ω
p × {zp + t
p
2
},
Γps = γ
p
s × (z
p − t
p
2
, zp + t
p
2
),
Γpe = γ
p
e × (z
p − t
p
2
, zp + t
p
2
),
ΓD = γ0 × (−h,+h), ΓN = Γ \ ΓD.
(23)
We consider three different disjoint partitions {ΓpeD,Γ
p
eN} of the boundary
of Ωp defined by
(ebc1p) : ΓpeN = Γ
p
s and Γ
p
eD = Γ
p
up/lo ∪ Γ
p
e
(ebc2p) : ΓpeN = Γ
p
s ∪ Γ
p
up and Γ
p
eD = Γ
p
lo ∪ Γ
p
e
(ebc3p) : ΓpeN = Γ
p
s ∪ Γ
p
lo and Γ
p
eD = Γ
p
up ∪ Γ
p
e
(24)
Now the three-dimensional model, corresponding to the mechanical and
electric equilibrium state of the structure PIP, aims to find the mechanical
displacement u defined in Ω = Ω− ∪ Ωm ∪ Ω+ and the electric potential ϕ
defined in Ωp, satisfying the following system of equations and boundary
conditions (25)–(29):[
−divσ = f in Ω = Ω− ∪ Ωm ∪ Ω+
divD = r in Ωp,
(25)
u = 0 on ΓD and σ · ν = g on ΓN , (26)
[
D · ν = θ on ΓpeN
ϕ = ϕ0 on Γ
p
eD,
(27)
up = u− and (σp − σ−) · ν = 0, on Ω− ∩ Ωp = ωp × {zp − t
p
2
}
up = u+ and (σp − σ+) · ν = 0 on Ω+ ∩ Ωp = ωp × {zp + t
p
2
}
ue = u− and (σe − σ−) · ν = 0 on Ω− ∩ Ωe = ωe × {ze − t
e
2
}
ue = u+ and (σe − σ+) · ν = 0 on Ω+ ∩ Ωe = ωe × {ze + t
e
2
},
ue = up and (σe − σp) · ν = 0 on Ωe ∩ Ωp = ∂ωp × (zm − t
m
2
, zm + t
m
2
),
(28)
σ = Ce · e(u) in Ωe
σ = C− · e(u) in Ω−
σ = C+ · e(u) in Ω+
and
[
σ = Cp · e(u)− P p · E(ϕ)
D = P p · e(u) + εp · E(ϕ)
in Ωp. (29)
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These equations have a similar interpretation to that given for (8)–(12). We
repeat it here for the sake of convenience of the reading. The equations (25)
are the mechanical equilibrium equations and Maxwell-Gauss equations, with
σ the stress tensor field, D the electric displacement vector field and f and r
are the density of the applied body forces and volume electric charge acting
on the plate Ω. The mechanical boundary conditions are defined by (26),
and impose that the plate is clamped on ΓD and submitted to the density of
applied surface forces g on ΓN . The electric boundary conditions are stated
in (27) and mean that the plate is submitted to the applied electric potential
ϕ0 on Γ
p
eD, and subject to a surface electric charge on Γ
p
eN of density θ. The
equations (28) are the transmission conditions at the interfaces. Finally (29)
are the constitutive equations, where Cp, Ce, C− and C+ are the elasticity
tensors for the different materials, and P p and εp are the piezoelectric and
dielectric tensors of the piezoelectric patch.
4.2. The asymptotic model – PIP.
Theorem 4.1. Let VKL, Ψ
p
l and Ψ
p
l0 be the admissible spaces defined in (4)
with mat = p. Then, the variational asymptotic model corresponding to
problem (25)-(29) is

Find (u, ϕp) ∈ VKL ×Ψ
p
l such that:
a
(
(u, ϕp), (v, ψp)
)
= l(v, ψp), ∀(v, ψp) ∈ VKL ×Ψ
p
l0,
ϕ = ϕ0, on Γ
p
eD,
(30)
where
a
(
(u, ϕp), (v, ψp)
)
= ae(u, v) + a+(u, v) + a−(u, v) + ap
(
(u, ϕp), (v, ψp)
)
amat(u, v) =
∫
Ωmat
Amatαβγρeαβ(u)eγρ(v) dx, for mat = e,+,−
ap
(
(u, ϕp), (v, ψp)
)
=
∫
Ωp A
p
αβγρeαβ(u)eγρ(v) dx+
∫
Ωp p
p
33 ∂3ϕ
p ∂3ψ
p dx
−
∫
Ωp p
p
3αβ
[
eαβ(u)∂3ψ
p − eαβ(v)∂3ϕ
p
]
dx
l(v, ψp) =
∫
Ω
f · v dx+
∫
ΓN
g · v dΓN +
∫
Ωp
r ψp dx−
∫
ΓpeN
θ ψp dΓpeN .
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In particular, u is the asymptotic mechanical displacement, ϕp is the asymp-
totic electric potential in Ωp (the pair (u, ϕp) is the unique solution of the
variational equation (30)) and
Proof : Analogous to the proof of theorem 3.1.
Theorem 4.2. Let us assume the electric boundary conditions (ebc1p). The
asymptotic mechanical displacement u in (30) is the unique solution of the
following variational problem, formulated in Ω
Find u ∈ VKL such that: a(u, v) = l(v), ∀v ∈ VKL,
where uα = ξα − x3∂αξ3, for α = 1, 2, u3 = ξ3,
a(u, v) =
∫
Ω+
A+αβγρeαβ(u)eγρ(v) dΩ
+ +
∫
Ω−
A−αβγρeαβ(u)eγρ(v) dΩ
−
+
∫
Ωe
Aeαβγρeαβ(u)eγρ(v) dΩ
e +
∫
Ωp
Apαβγρeαβ(u)eγρ(v) dΩ
p
−
∫
Ωp
pp
3αβ
pp
3γρ
pp
33
(x3 − z
m) eαβ(v) ∂γρξ3 dΩ
p,
(31)
and
l(v) =
∫
Ω
f · v dΩ +
∫
ΓN
g · v dΓN +
∫
Ωp
(P3r
pp33
+
(ϕ0lo − ϕ0up −R
p)
tp
)
pp3αβ eαβ(v) dΩ
p. (32)
Here ϕ0up and ϕ0lo are the restrictions of ϕ0 to the upper and lower faces,
Γpup and Γ
p
lo, respectively, of Ω
p, and Rp :=
∫ zp+ tp
2
zp− t
p
2
P3r
pp33
dx3 (see (16)). The
asymptotic electrical potential ϕ in Ωp is defined by
ϕ(x1, x2, x3) = ϕ0lo(x1, x2)+
∫ x3
zp− t
p
2
(
−
pp3αβ
pp33
(y3− z
p) ∂αβζ3+
(ϕ0up − ϕ0lo +R
p)
tp
−
P3r
pp33
)
dy3.
Moreover, the bilinear form a(u, v) in (31) can be rewritten as
a(u, v) =
∫
ω
[
Nαβ(u) eαβ(η) +Mαβ(u) ∂αβη3
]
dω,
with (Nαβ(u)) and (Mαβ(u)) given now by the following matrix formula
[
Nαβ(u)
Mαβ(u)
]
=
[
(Ap0 + A
e
0 + A
+
0 + A
−
0 )αβγρ −(A
p
1 + A
e
1 + A
+
1 + A
−
1 + p
p
1)αβγρ
−(Ap1 + A
e
1 + A
+
1 + A
−
1 )αβγρ (A
p
2 + A
e
2 + A
+
2 + A
−
2 + p
p
2)αβγρ
][
eγρ(ξ)
∂γρξ3
]
,
(33)
where for mat = −, e, p,+ the matrices Amati and p
p
j with i = 0, 1, 2 and
j = 1, 2 are defined in (1)-(2), and ξ = (ξ1, ξ2, ξ3).
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Proof : Similar to the proof of theorem 3.2.
Corollary 4.1. In addition to the conditions of theorem 4.2 we assume the
two external layers, Ω− and Ω+, have the same geometry and are made of
the same elastic material. i) If ϕ0lo = ϕ0up, r = 0, f1 = f2 = 0, g = 0 and
f3 6= 0, then the mechanical displacements ξ1 = ξ2 = 0 and ξ3 6= 0. ii) If ϕ0lo,
ϕ0up are independent of the thickness variable, ϕ0lo 6= ϕ0up, r = 0, f = 0,
g = 0, then ξ3 = 0 and ξ1 6= 0 6= ξ2.
Proof : It is enough to remark that the matrix in the right hand side of (33)
is equal to[
(Ap0 + A
e
0 + A
+
0 + A
−
0 )αβγρ 0
0 (Ap2 + A
e
2 + A
+
2 + A
−
2 + p
p
2)αβγρ
]
and the linear form in (32) is equal to
l(v) =
{ ∫
Ω f3 · v3 dΩ, with the hypotheses i)∫
Ωp
(ϕ0lo−ϕ0up)
tp p
p
3αβ eαβ(v) dΩ
p, with the hypotheses ii).
Theorem 4.3. Let us assume the electric boundary conditions (ebc2p) or
(ebc3p). Then, the asymptotic mechanical displacement u in (30) is the
unique solution of the following variational problem, formulated in Ω
find u ∈ VKL such that: a(u, v) = l(v), ∀v ∈ VKL, (34)
where uα = ξα − x3∂αξ3, for α = 1, 2, u3 = ξ3
a(u, v) =
∫
Ω+ A
+
αβγρeαβ(u)eγρ(v) dΩ
+ +
∫
Ω− A
−
αβγρeαβ(u)eγρ(v) dΩ
−
+
∫
Ωe A
e
αβγρeαβ(u)eγρ(v) dΩ
e +
∫
Ωp A
p
αβγρeαβ(u) eγρ(v) dΩ
p
+
∫
Ωp
pp
3αβp
p
3γρ
pp33
eαβ(u) eαβ(v) dΩ
p,
(35)
and
l(v) =
∫
Ω
f · v dΩ +
∫
ΓN
g · v dΓN + l
ebcip(v),
where
lebci
p
(v) =
∫
Ωp
pp
3αβ
pp33
[
P3r(x1, x2, x3) + (s θ − P3r)(x1, x2, h
∗)
]
eαβ(v).
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Here s = 1 and h∗ = zp+ t
p
2 for (ebc2
p), s = −1 and h∗ = zp− t
p
2 for (ebc3
p).
The asymptotic electrical potential ϕp in Ωp, is defined by
ϕp(x1, x2, x3) = ϕ0lo(x1, x2) +
∫ x3
zp− t
p
2
pp
3αβ
pp33
[
eαβ(ξ)− y3 ∂αβξ3
]
dy3
−
∫ x3
zp− t
p
2
P3r(x1,x2,y3)+(θ−P3r)(x1,x2,z
p+ t
p
2
)
pp33
dy3,
for (ebc2p) and by
ϕp(x1, x2, x3) = ϕ0up(x1, x2)−
∫ zp+ tp
2
x3
pp
3αβ
pp33
[
eαβ(ξ)− y3 ∂αβξ3
]
dy3
+
∫ zp+ tp
2
x3
P3r(x1,x2,y3)+(−θ−P3r)(x1,x2,z
p− t
p
2
)
pp33
dy3,
for (ebc3p). Moreover, the bilinear form a(u, v) in in (35) can be rewritten
as
a(u, v) =
∫
ω
[
Nαβ(u) eαβ(η) +Mαβ(u) ∂αβη3
]
dω,
where (Nαβ(u)) and (Mαβ(u)) are now given by the following matrix formula[
Nαβγρ(u)
Mαβγρ(u)
]
=
[
(Ap0 + A
e
0 + A
+
0 + A
−
0 + pp
p
0)αβγρ −(A
p
1 + A
e
1 + A
+
1 + A
−
1 + pp
p
1)αβγρ
−(Ap1 + A
e
1 + A
+
1 + A
−
1 + pp
p
1)αβγρ (A
p
2 + A
e
2 + A
+
2 + A
−
2 + pp
p
2)αβγρ
][
eγρ(ξ)
∂γρξ3
]
.
Here the matrices Amati and pp
mat
p , with i = 0, 1, 2, j = 1, 2 and for mat =
−, p, e,+, are defined in (1)-(2), and ξ = (ξ1, ξ2, ξ3).
Proof : Similar to the proof of theorem 3.3.
Corollary 4.2. In addition to the conditions of theorem 4.3 we assume the
inserted patch verifies (ebc2p), the two external layers, Ω− and Ω+, have the
same geometry and are made of the same elastic material. i) If θ = 0, r = 0,
f1 = f2 = 0, g = 0 and f3 6= 0, then tangential mechanical displacements
ξ1 = ξ2 = 0 and ξ3 6= 0. ii) If θ is independent of the thickness variable, and
not zero, and r =, f = 0, g = 0, then ξ1 6= 0 6= ξ2 and ξ3 = 0.
Proof : Similar to the proof of corollary 4.1. An analogous result exists if the
inserted patch verifies (ebc3p).
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5. Numerical simulations
In this section we report the numerical tests done with the asymptotic mod-
els described in sections 3 and 4 for elastic plates with two surface bonded
piezoelectric patches (PSBP) or with one inserted piezoelectric patch (PIP).
All the tests where executed with the software Comsol Multiphysicsr
[11]. We use Lagrange shape functions of degree 1 and Hermite shape func-
tions of degree 3, for the finite element discretization of the Kirchhoff-Love
mechanical tangential displacements ξ1, ξ2 and ξ3, respectively.
For both structures, either PSBP or PIP, the elastic material is always
Graphite Epoxy 00 and the patches are made of the same PZT piezoelectric
ceramic material. The values of the material parameters are taken from the
tables VIII and XI in [19].
In all our examples we consider ω = [0, 0.5]× [0, 0.25] for the middle plane
of the structure, and tm = 0.015, t+ = 0.005, t− = 0.005 and tp = 0.015, for
the thicknesses of the middle elastic plate, the upper and lower layer or patch,
and the thickness of the inserted patch, respectively. Moreover, we consider
a triangular finite element mesh with 498 elements in ω. Unless otherwise
stated the applied body forces, surface forces and volume electric charge
densities, f , g and r, are zero. The data are given in SI units, i.e., length is
measured in meter, mechanical forces in Newton and electrical potentials in
Volt.
The Figure 3 illustrates, for a plate of type PSBP verifying the hypotheses
of corollary 3.1, the influence of the clamped mechanical boundary conditions
on the mechanical displacements: when the plate is clamped in one side (top
row), two consecutive sides (middle row) and three sides (bottom row). The
projections of the piezoelectric patches on the middle plane of the plate are
ω+ = ω− = [0, 0.5]× [0.25/9, 2 ∗ 0.25/9] and the two patches satisfy electric
boundary conditions (ebc1mat). For the left column the data correspond to
assumptions i) of corollary 3.1 (consequently ξ1 = 0 = ξ2) and it shows the
transverse displacements ξ3 of the middle plane of this plate; here ϕ
+
0lo −
ϕ+0up = −
(
ϕ−0lo − ϕ
−
0up
)
= −100, with ϕ+0up = 100, ϕ
−
0lo = 100. For the
right column the data are consistent with the assumptions ii) of corollary
3.1 (thus ξ3 = 0), and it depicts the deformed middle plane of the plate
(multiplied by 104 and in the tangential directions x1, x2); for this case
ϕ+0lo − ϕ
+
0up = ϕ
−
0lo − ϕ
−
0up = 100, with ϕ
+
0lo = 100, ϕ
−
0lo = 100.
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Figure 3. Elastic plate with two bonded surface piezoelectric
patches (PSBP), verifying the conditions of corollary 3.1, and
three different clamped mechanical boundary conditions. Left
column: transverse displacements ξ3 (the plate verifies assump-
tions i) of corollary 3.1). Right column: deformed middle plane
(multiplied by 104) of the plate in the tangential directions (the
plate verifies assumptions ii) of corollary 3.1). The plate is
clamped in one side (top row), in two consecutive sides (mid-
dle row) and in three sides (bottom row).
The Figure 4 concerns two plates of type PSBP, and gives information
about the significant differences originated just by changing the position of
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Figure 4. Two elastic plates with two bonded surface piezo-
electric patches (PSBP), subject to the same data, except the
position of the upper patches: in the left column ω+ = [0.5, 4 ∗
0.5/5] × [7 ∗ 0.25/9, 8 ∗ 0.25/9] and in the right column ω+ =
[0.04, 0.06]× [0.045, 2∗ 0.055]. Top row: differences for the trans-
verse displacement ξ3. Middle row: differences for the deformed
middle plane of the plate (multiplied by 104) in the tangential
directions. Bottom row: the distinct positions of ω+ and the
different values of the electric potentials ϕ+ and ϕ−.
the upper patch, and keeping the other data equal for the two plates. More
precisely, both plates are subject to electric boundary conditions (ebc1mat),
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for both materials mat = +,−, with ϕ+0lo − ϕ
+
0up = ϕ
−
0lo − ϕ
−
0up = 100, ϕ
+
0lo =
100, ϕ−0lo = 100, and for the lower patch ω
− = [0.5, 4 ∗ 0.5/5] × [0.25/9, 2 ∗
0.25/9]. But the positions of the upper patches are different: for one plate
ω+ = [0.5, 4 ∗ 0.5/5]× [7 ∗ 0.25/9, 8 ∗ 0.25/9] (left column) and for the other
plate ω+ = [0.04, 0.06] × [0.045, 2 ∗ 0.055] (the right column). The first row
demonstrates the differences for the transverse displacements of the middle
plane of the plate. The second row exhibits the differences for the deformed
middle plane of the plate (multiplied by 104) in the tangential directions.
The last row contains the visual representation of the patches’ positions as
well as the values of the electric potentials ϕ+ and ϕ−, for the two cases.
Figure 5. Elastic plate with two bonded surface piezoelectric
patches (PSBP), verifying the conditions of corollary 3.2. Left
column: transverse displacements ξ3 (the plate verifies assump-
tions i) of corollary 3.2). Right column: deformed middle plane of
the plate in the tangential directions (the plate verifies assump-
tions ii) of corollary 3.2). The plate is clamped in two consecutive
sides (top row), and in three sides (bottom row).
In Figure 5 we have once more a plate of type PSBP, but now we assume
it verifies the assumptions of corollary 3.2. Hence the electric boundary
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conditions are (ebc2mat) for both patches and ω+ = ω− = [0, 0.5]× [0.25/9, 2∗
0.25/9]. Figure 5 shows the graphics of the transverse displacements ξ3, when
the density of the surface electric charges of the patches verify θ+ = −θ− = 10
(left column), and the graphics of deformed middle plane of the plate in the
tangential directions, when θ+ = θ− = 10 (right column). Moreover in the
top row the plate is clamped in two consecutive sides and for the bottom row
it is clamped in three sides.
In Figure 6 we have again a plate of type PSBP, whose patches verify the
electric boundary conditions (ebc2mat), for mat = +,−. But in this example,
ω+ 6= ω−, more precisely, ω+ = [0.5, 4 ∗ 0.5/5] × [7 ∗ 0.25/9, 8 ∗ 0.25/9] and
ω− = [0.5, 4 ∗ 0.5/5]× [0.25/9, 2 ∗ 0.25/9]. Thus the plate does not verify the
assumptions of corollary 3.2. This Figure 6 presents the differences observed
in the mechanical displacements and electric potentials, when we just modify
the densities of the surface electric charges of the patches. In the left column
θ+ = θ− = 10 and in the right column θ+ = 10, θ− = −1. Moreover the
plate is clamped in only one side.
In Figure 7 we study the case of two plates of type PIP, which only differ
on the location of the inserted patch. The electric boundary conditions are
(ebc1p) with ϕ0up = 0, ϕ0lo = 10, and the only no-zero mechanical data is
f3 = 1 which acts in the elastic part. This Figure 7 displays the differences
for the transverse mechanical displacement ξ3, the deformed middle plane
of the plate in the tangential directions, and the electric potential for the
two cases: when ωp = [0.1, 0.4] × [0.25/9, 2 ∗ 0.25] (left column), and when
ωp = [0.04, 0.1]× [0.045, 0.15] (right column). In addition it is supposed that
these plates are clamped in two opposite sides.
In Figure 8 reports the differences in the mechanical displacements and
electric potentials, for two plates of type PIP, which are subject to electric
boundary conditions (ebc2p) and have just the same mechanical, electric and
geometrical data, apart from the value of the surface electric charge densities:
for one plate θ = 0 (left column) and for the other plate θ = 10 (right
column). Big differences appear in the deformed middle plane of the plate
and the values of the electric potential ϕ. The components of the mechanical
forces, acting only in the elastic part, are f1 = −10, f2 = 10, f3 = 10, for
both plates, and they are also clamped in three lateral sides.
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Figure 6. Elastic plate with two no-symmetric bonded sur-
face piezoelectric patches (PSBP) and different surface electric
charges densities: θ+ = θ− = 10 (left) and θ+ = 10, θ− = −1
(right). Transverse displacements ξ3 (top row), deformed middle
plane of the plate in the tangential directions (middle row), and
electric potentials (bottom row).
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